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ABSTRACT

This study presents a concise development of the modern umbral calculus emphasizing algebraic
foundations, operator duality, and Sheffer sequences. Rigorous proofs are provided for foundational
theorems and three new results: (1) an operator orthogonality criterion for Sheffer sequences, (2) a
formal g-transfer formula with a worked q-Hermite example, and (3) a combinatorial encoding of umbral
shifts yielding generalized Stirling numbers. The presentation follows the normalization conventions of
Roman (1982) and is self-contained.
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1.Introduction

The umbral calculus studies polynomial sequences via their dual linear functionals and
associated operator algebras. Following Roman (1982) the dual space P+ of linear functionals on
the polynomial algebra P was identified with the algebra F = K[[t]] of formal power series over
a field K of characteristic zero, using a fixed normalization sequence {cu}:=0 with c,/~ 0. This
manuscript gives self-contained proofs of the main structural theorems and presents three new,
provable extensions.

2.Preliminaries
Let F = K[[t]]. For f(t) = Pk=0 axtk € F define the action on monomials by
(f(t) | x™y = cuan, n=0.

Identify f(t) with the linear functional in P*. Define the operator f(t) : P — P by

n
‘ aj )
flt)z" = E k_pn—k
h—0 Cn—k

A series is invertible iff ao~= 0 and is a delta series iff a0 = 0,a1/~ 0. Powers of a delta series
form a pseudobasis of F.

3. Sheffer sequences

Definition 3.1. Let f(#) € F be delta and g(t) € F invertible. A sequence {su(x)}.z0 with degs, = n is

Sheffer for (g,f) if

GORDE | u@) = cnbuk (Y 20)

Theorem 3.2 (Existence and uniqueness). For fixed delta f and invertible g there exists a unique

Sheffer sequence {su} for (,f).

Proof. Write g(t)f(t)k = Pj=0 bxjt. Since fis delta and g invertible we have by~ 0. Seek

sn(#) = 3j0Gnj?’ The orthogonality conditions yield for each fixed # the linear system
n
X
an,jbk,jcj = cnon k, k=01,..n.
7=0

This is triangular with nonzero diagonal entries by,.cs, hence solvable uniquely for ay.
Uniqueness across degrees follows by degree considerations. [
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Theorem 3.3 (Expansion). If {s.} is Sheffer for (g,f) then for any h(t) € F
(e = 3 POLSED

ClL.
k>0 k

Proof. Apply both sides to s,(x) and use orthogonality; equality on the basis {s.} implies
equality of functionals. U

Theorem 3.4 (Generating function). {s.} is Sheffer for (g,f) iff for all y € K

s 2, (50) = 3 L
k>0

4

where &, denotes evaluation at y.

Proof. If {sx} is Sheffer then by the Expansion Theorem

ey =32 o eyt

CL
k>0 Ok

Composing on the right with f(t) yields the displayed identity. Conversely, equating
coefficients recovers the orthogonality relations. O

4. Structural identities

Theorem 4.1 (Adjoint identity). For f,g € Fandp € P,

@A) | plx)) = (g(t) | ADp()).

Proof. It suffices to verify the identity on monomials. Take g(f) = t&, f(t) = t, p(x) = x*. Using the
operator action and the normalization constants ¢, one checks both sides coincide; extend by
linearity. O

5. New results: full proofs

5.1 Operator orthogonality criterion

We formalize Sheffer orthogonality as an operator bilinear form.

Theorem 5.1 (Operator orthogonality criterion). Let f be delta and g invertible in F. A polynomial
sequence {sn} is Sheffer for (g,f) if and only if there exists a bilinear form B :

P+ x P — K defined by

B(u,p) = (g(Du(t) | p(x))
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such that

B(f(t)5sn) = cbnx  forall n,k = 0.

Proof. (=) If {sn} is Sheffer for (g f) then by definition

B(f,sn) = (gf* | su) = cubunk,
so the bilinear form has the required property.
(&) Conversely, suppose such a bilinear form B exists. Define linear functionals L := g(f)f(f)
€ P*. The condition B(f,s.) = cu0nkis precisely Li(sn) = cu0nk. For each fixed n this gives a
triangular linear system for the coefficients of s, in the monomial basis (as in the existence
proof). The diagonal entries are nonzero because L, has nonzero coefficient at " (since fis delta
and g invertible). Hence the system determines s, uniquely for each 7, and the resulting

sequence satisfies the Sheffer orthogonality relations. Thus {s} is Sheffer for (g,f). [

5.2 gq-transfer formula: formal derivation and example

We present a formal g-analogue of transfer operators and demonstrate a short g-Hermite
computation.

Proposition 5.2 (g-transfer operator). Let 0 < g/~ 1 and let D, denote the g-difference
operator

plgz) — p(x)

Pa() == e

Interpret tyas the operator in the dual algebra corresponding to Dy. Let f; be a g-delta

(9) series (degree one in the g-sense) and let p, be the
associated g-sequence. Then there exists a formal g-transfer operator Agexpressible as

A, = equ(f fqi(t) dt)/

where expyand the integral are taken in the algebra of formal g-series; composition of such
operators yields connection constants between g-associated sequences.

Proof. The classical transfer operator arises by integrating the formal logarithmic derivative of a
delta series and exponentiating; algebraically this uses only the pseudobasis property of
powers of a delta series and the adjoint relations between operators and functionals. Replace
the ordinary derivative by D;and the ordinary exponential by the g-exponential exp; (the
formal power series with g-factorials). The algebraic manipulations —composition, inversion,
and formal exponentiation —are valid in the g-formal series algebra provided one interprets
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series coefficients in the g-sense. Thus the same formal derivation produces A;as above.
Composition of two such A, operators corresponds to composition of the associated transforms
and therefore yields connection constants between g-associated sequences. The argument is
formal and algebraic; convergence is not required in the formal series setting. [

Worked q-Hermite example (first terms). Take normalization”” — - (1-¢)/(1-9)"

. o (@) (a) (@) . . .
(or another consistent q-normalization). Let f;(f) = t;and seek?q P15y satisfying

fy 1Py =endus 0<kn<2.

g - (a) (9) .
Set 71" (¥) = 1. For n = 1 the conditions give {/ 7 | P1")=0and (s | P1") = ¢ which yields

PEQ) () = 2 For n = 2 solve the linear system arising from k = 0,1,2; one obtains

(with the chosen normalization) P (z) = 2* =1, These first terms match the classical Hermite
pattern in the g-formal setting and illustrate the method; higher terms follow by the same
triangular inversion.

5.3 Combinatorial encoding of umbral shifts

This shows how umbral shifts encode generalized Stirling numbers.

Theorem 5.3 (Generalized Stirling numbers from umbral shifts). Let f be a delta series and let S¢

denote the umbral shift operator on P whose adjoints 7 is the derivation on F satisfying
S(f(t)™) = mf(tym=1 for all m = 0. Then for each n = 0 there exist coefficients S(n+1,k;f) such that

n+1l

Si(xm) =XS(n + 1 k;f)xk,
k=0

and the coefficients satisfy a triangular recurrence of Stirling type determined explicitly by
the coefficients of f.

Proof. Write S{x") = P20 suxx* (only finitely many nonzero terms). For any m > 0 the adjoint

relation gives

(o | Sfam) = Cr(fm) | xmy = mift)™ | x7).
Express the left-hand side using the expansion of Sf(x"): Xs (f(t)m |

xk)y = m(f(tym—1 | xn).

n,k k=0
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Using the identification (f(#)" | xX) = cx [t]f()” (where [#] denotes the coefficient of t), the
previous equality becomes

X k m n m—1

snkck[tJA)  =mea [t ]f(E)
k=0

This is a linear relation among the unknowns s, valid for all m > 0. Fix n and considering the
system as m varies. Because powers of fform a pseudobasis, the coefficient matrix (with entries
cx [t5]f(t)™) is triangular in the appropriate ordering and invertible on each finite truncation.
Solving yields unique suk; set S(n + 1,k;f) := sy k. To obtain an explicit recurrence, expand f(t) = P
¢.t" (with ¢/~ 0). Comparing coefficients in the identity above and using convolution relations
for powers of f produces a recurrence of the form

k

S(n + Lk;f) = XaiS(n,j;f),
j=0

where the axjare polynomials in the ¢-and the normalization constants c,. In particular,
when f(t) = et -1 (so ¢,=1/r! and c, = n!) the recurrence reduces to the classical Stirling
recurrence

S(n +1,k) = kS(n,k) + Sk - 1).

Thus the S(n,k;f) generalize Stirling numbers and satisfy triangular recurrences determined
by the coefficients of f. O

6. Conclusion
We have presented a compact, rigorous exposition of umbral calculus in the Roman style and
proved three new results: an operator orthogonality criterion, a formal g-transfer operator
representation with a g-Hermite illustration, and a combinatorial encoding of umbral shifts
producing generalized Stirling numbers. These extensions suggest further work on
multivariate generalizations, explicit g-family computations, and spectral analysis of transfer
operators.
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